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Abstract. We show in a fully covariant way that, there exist a class of f (R) models for which a
shear-free, almost FLRW universe can expand and rotate at the same time .
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INTRODUCTION
The action of a generalized fourth-order gravity is given by (for more details, see [1] and
references therein):
A = 12
∫
d4x
√−g [ f (R)+2Lm] , (1)
where Lm represents the matter contribution, and the generalized field equations read
Gab = ˜T mab +T Rab ≡ Tab , (2)
where
˜T mab =
T mab
f ′ , T
R
ab =
1
f ′
[1
2( f −R f ′)gab +∇b∇a f ′−gab∇c∇c f ′
]
. (3)
Here we have defined f ′ ≡ d f (R)/dR and T mab = µmuaub + pmhab +qma ub +qmb ua +pimab,
where µm, pm, qm and pimab denote the standard matter density, pressure, heat flux and
anisotropic stress respectively.
The total thermodynamics of the matter-curvature composite is then given by
µ ≡ µ
m
f ′ +µ
R , p ≡ p
m
f ′ + p
R , qa ≡ q
m
a
f ′ +q
R
a , piab ≡
pimab
f ′ +pi
R
ab , (4)
where µR, etc. are thermodynamical quantities of the curvature fluid defined in the next
section. The covariant derivative of a timelike vector ua can be decomposed into basic
parts as
∇aub =−Aaub + 13habΘ+σab + εabcωc, (5)
where Aa = u˙a is the acceleration, Θ = ˜∇aua is the expansion, σab = ˜∇〈aub〉 is the shear
tensor and ωa = εabc ˜∇buc is the vorticity vector. For the Weyl curvature tensor one has
Eab =Cabcducud = E〈ab〉 , Hab = 12εacdC
cd
be u
e = H〈ab〉 , (6)
giving a covariant description of tidal forces and gravitational radiation respectively.
LINEARIZED FIELD EQUATIONS
We consider the background to be Friedmann-Lema˘itre-Robertson-Walker (FLRW),
where the Hubble scale sets the characteristic scale of the perturbations. In the per-
turbed spacetime the standard matter is considered to be a perfect fluid with the energy
momentum tensor given by:
T mab = (µm + pm)uaub + pmgab . (7)
with pm = wµm and the heat flux (qma ) and the anisotropic stress (pimab) vanishing in the
perturbed spacetime. In addition, since we consider shear-free perturbations, the shear
tensor σab vanishes identically.
For the curvature fluid the linearized thermodynamic quantities are given by
µR = 1f ′
[1
2(R f ′− f )−Θ f ′′ ˙R+ f ′′ ˜∇2R
]
,
pR =
1
f ′
[1
2( f −R f ′)+ f ′′ ¨R+ f ′′′ ˙R2 + 23
(
Θ f ′′ ˙R− f ′′ ˜∇2R)] ,
qRa =−
1
f ′
[ f ′′′ ˙R ˜∇aR+ f ′′ ˜∇a ˙R− 13 f ′′Θ ˜∇aR] , piRab = 1f ′ f ′′ ˜∇〈a ˜∇b〉R . (8)
With the conditions above, the propagation and constraint equations can be given by
˙Θ− ˜∇aAa =−13Θ2− 12(µ +3p) , (9)
(ω〈a〉).− 12εabc ˜∇bAc =−23Θωa , (10)
˙E〈ab〉− εcd〈a ˜∇cH〉bd =−ΘEab− 12 p˙iabR − 12 ˜∇〈aq
b〉
R − 16ΘpiabR , (11)
˙H〈ab〉+ εcd〈a ˜∇cE〉bd =−ΘHab + 12εcd〈a ˜∇cpi
〉b
d R , (12)
µ˙m =−(µm + pm)Θ, (13)
µ˙ + ˜∇aqRa =−(µ + p)Θ; (14)
(C0)ab := Eab− ˜∇〈aAb〉− 12piabR = 0 , (15)
(C1)a := ˜∇aΘ− 32εabc ˜∇bωc − 32qaR = 0 , (16)
(C2) := ˜∇aωa = 0 , (17)
(C3)ab := Hab + ˜∇〈aωb〉 = 0 , (18)
(C4)a := ˜∇apm +(µm + pm)Aa = 0 , (19)
(C5)a := ˜∇bEab + 12 ˜∇bpi
ab
R − 13 ˜∇aµ + 13ΘqaR = 0 , (20)
(C6)a := ˜∇bHab +(µ + p)ωa + 12ε
abc
˜∇bqRc = 0 . (21)
The conditions σab = 0 and qam = 0 give the two new constraints (C0)ab and (C4)a
respectively. Substituting (C0)bd into (C5)b and using (C4)b we obtain the constraint
w
w+1
˜∇d ˜∇〈b ˜∇d〉φ + 13 ˜∇bµ − ˜∇dpiRbd − 13ΘqRb = 0, (22)
where φ ≡ ln µm. To check the spatial consistency of the above constraint on any initial
hypersurface we take the curl of (22) to obtain
ωa
[(
wΘ
3 +
˙R f ′′
3 f ′
)
˜R+
2(1+w)µmΘ
3 f ′
]
+
(
˙R f ′′
f ′ +wΘ
)
˜∇2ωa = 0 , (23)
where ˜R = 2
(
µ − 13Θ2
)
. Now defining the expansion, acceleration, jerk and snap pa-
rameters by the following relations
Θ = 3 a˙
a
, q =− a¨a
a˙2
, j = a
2
a˙3
d3a
dt3 , s =
a3
a˙4
d4a
dt4 , (24)
and using
˙Θ =−13Θ
2(1+q) , q˙ =−13Θ
( j−q−2q2) , ¨Θ = 19Θ3 (2+3q+ j) ,
˙j = 13Θ(s+2 j+3q j) , q¨ =−
1
9Θ
2 [s+2 j−3q2 +6q j−6q3] , ˙R = 23ΘQ ,
(25)
where
Q = 13Θ
2( j−q−2)+ ˜R, ˙Q = 19Θ
[
(4+5q+ j+ jq+ s)Θ2+6 ˜R] , (26)
we can rewrite (23) as
2
3Θ
{
ωa
[(
w
2
+
f ′′
3 f ′Q
)
˜R+
(1+w)µm
f ′
]
+
[ f ′′
f ′ Q+
3w
2
]
˜∇2ωa
}
= 0 . (27)
Spatial consistency requires the vanishing of either Θ or the terms in the curly brackets.
For temporal consistency differentiate (27) w.r.t. time to get
Θωa
{[
(1−w)P
3
˜R+
(1+w)
f ′
(3w+5) f ′+4 f ′′Q
6 f ′ µm
]
+
Z
P
[
(
1+w
f ′ )µm
]}
= 0 , (28)
where
Z =
2
3
( f ′′′
f ′ − (
f ′′
f ′ )
2
)
Q2 + f
′′
9 f ′
(
(4+5q+ j+ jq+ s)Θ2+6 ˜R) . (29)
It follows that for the new constraints to be spatially and temporally consistent we must
have either Θωa = 0 or the expression in the curly brackets must vanish. It is easy to see
from (28) that if the 3-curvature vanishes, then Θωa = 0 for vacuum universes (µm = 0).
This implies that a shear-free, spatially flat vacuum universe in any f (R) theory can
rotate and expand simultaneously in the linearized regime.
In the non - vacuum case, there exists at least one non-trivial case which does violate
the Ellis condition. For a flat Milne universe, the Friedmann equation is given by
−R2 d
2 f (R)
dR2 +
f (R)
2
− µ0
a(R)3(1+w)
= 0 , (30)
and has the following general solution:
f (R) =C1R 1+
√
3
2 +C2R
1−√3
2 − 4µ0
1+12w+9w2 R
3(1+w)
2 . (31)
Considering the particular solution (C1 = 0 =C2), and comparing it with Eqn. (28), for
the corresponding flat Milne universe in Rn gravity, we obtain
(1+w)µm
6 f ′ [3w+9−4n] = 0. (32)
Comparing solutions (32) and the particular solution of (31) (with n = 3(1+w)/2) we
find that w = 1 if µm 6= 0. In other words, for a stiff fluid in R3 gravity, there exists a
flat Milne-universe solution which can rotate and expand simultaneously at the level of
linearized perturbation theory.
DISCUSSION AND CONCLUSION
In this work we showed that if the 3-curvature vanishes, then the result of [2] can always
be avoided for vacuum universes. We also demonstrated there is at least one physically
realistic non-vacuum case in which both rotation and expansion are simultaneously
possible. This suggests that there are situations where linearized fourth-order gravity
shares properties with Newtonian theory not valid in General Relativity.
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